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1. Introduction 



The aim of this paper, and the sequel j26] , is to investigate the noncommutative geom- 
etry of graph C*-algebras. In particular we construct finitely summable spectral triples 
to which we can apply the local index theorem. The motivation for this is the need for 
new examples in noncommutative geometry. Graph C*-algebras allow us to treat a large 
family of algebras in a uniform manner. 

Graph C*-algebras have been widely studied, see 121 IHl CIl IM I2H1 and the 
references therein. The freedom to use both graphical and analytical tools make them 
particularly tractable. In addition, there are many natural generalisations of this family to 
which our methods will apply, such as Cuntz-Krieger, Cuntz-Pimsner algebras, Exel-Laca 
algebras, fc-graph algebras and so on; for more information on these classes of algebras 
see the above references and [2S1- We expect these classes to yield similar examples. 

One of the key features of this work is that the natural construction of a spectral triple 
{A, H, V) for a graph C*-algebra is almost never a spectral triple in the original sense, jH 
Chapter VI]. That is, the key requirement that for all a e ^ the operator a(l-|-P^)~^/^ be 
a compact operator on the Hilbert space Ti is almost never true. However, if we broaden 
our point of view to consider semifinite spectral triples, where we require a(l + "D^)"^/^ 
to be in the ideal of compact operators in a semifinite von Neumann algebra, we obtain 
many (1, oo)-summable examples. The only connected (1, oo)-summable example arising 
from our construction which satisfies the original definition of spectral triples is the Dirac 
triple for the circle. 

The way we arrive at the correct notion of compactness is to regard the fixed 
point subalgebra F for the gauge action on a graph algebra as the scalars. 

This provides a unifying point of view that will help the reader motivate the various 
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constructions, and understand the results. For instance the C*-bimodule we employ is a 
C*-module over F, the range of the (C*-) index pairing lies in Kq{F), the 'differential' 
operator "D is linear over F and it is the 'size' of F that forces us to use a general semifinite 
trace. The single (1, oo)-summable example where the operator trace arises as the natural 
trace is the circle, and in this case F = C 

The algebras which arise from our construction, despite naturally falling into the semifi- 
nite picture of spectral triples, are all type I algebras, ^Hj . Thus even when dealing with 
type I algebras there is a natural and important role for general semifinite traces. 

Many of our examples arise from nonunital algebras. Fortunately, graph C*-algebras 
(and their smooth subalgebras) are quasi- local in the sense of 13j, and many of the results 
for smooth local algebras presented in [HHl IM] are valid for smooth quasi-local algebras. 
Here 'local' refers to the possibility of using a notion of 'compact support' to deal with 
analytical problems. 

After some background material, we begin in Section 0] by constructing an odd Kas- 
parov module {X, V) for C*{E)-F, where F is the fixed point algebra. This part of the 
construction applies to any locally finite directed graph with no sources. The class {X, V) 
can be paired with Ki{C*{E)) to obtain an index class in Kq{F). This pairing is de- 
scribed in the Appendix, and it is given in terms of the index of Toeplitz operators on 
the underlying C*-module. We conjecture that this pairing is the Kasparov product. 

When our graph C*-algebra has a faithful (semifinite, lower-semicontinuous) gauge 
invariant trace r, we can define a canonical faithful (semifinite, lower semicontinuous) 
trace f on the endomorphism algebra of the C*-F-module X. Using f, in Sectional we 
construct a semifinite spectral triple {A,T-C,T>) for a smooth subalgebra A C C*{E). 

The numerical index pairing of {A,T-C,V) with Ki{C*{E)) can be computed using the 
semifinite local index theorem, and we prove that 

{K,{C*{E)),{A,n,V)) = n{K,{C*{E)),{X,V)), 

where {Ki{C*{E)), {X,V)) C Kq{F) denotes the /To (-?")- valued index and is the map 
induced on /^-theory by f. We show by an example that this pairing is an invariant of a 
finer structure than the isomorphism class of C*{E). 

To ensure that readers without a background in graph C*-algebras or a background in 
spectral triples can access the results in this paper, we have tried to make it self contained. 
The organisation of the paper is as follows. Section |2l describes graph C*-algebras and 
semifinite spectral triples, as well as quasilocal algebras and the local index theorem. 
Section IHl investigates which graph C*-algebras have a faithful positive trace, and we 
provide some necessary and some sufficient conditions. In Section |^ we construct a C*- 
module for any locally finite graph C*-algebra. Using the generator of the gauge action 
on this C*-module, we obtain a Kasparov module whenever the graph has no sources, 
and so a i^'i^'-class. In Section we restrict to those graph C*-algebras with a faithful 
gauge invariant trace, and construct a spectral triple from our Kasparov module. Section 
ini describes our results pertaining to the index theorem. 

In the sequel to this paper, [2^], we identify a large subclass of our graph C*-algebras 
with faithful trace which satisfy a natural semifinite and nonunital generalisation of 
Connes' axioms for noncommutative manifolds. These examples are all one dimensional. 
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2. Graph C*-Algebras and Semifinite Spectral Triples 
2.1. The C*-algebras of Graphs. For a more detailed introduction to graph C*-algebras 
we refer the reader to [2, 20j and the references therein. A directed graph E = {E^, E^, r, s) 
consists of countable sets E^ of vertices and E^ of edges, and maps r, s : E^ E^ iden- 
tifying the range and source of each edge. We will always assume that the graph is 
row-finite which means that each vertex emits at most finitely many edges. Later we will 
also assume that the graph is locally finite which means it is row-finite and each vertex 
receives at most finitely many edges. We write E"- for the set of paths /i = /ii/i2 ■ • ■ /^n of 
length \fi\ := n; that is, sequences of edges /ij such that r(/ij) = s(/ij+i) for 1 < i < n. 
The maps r, s extend to E* := IJn>o obvious way. A loop in ii^ is a path L E E* 

with s{L) = r{L), we say that a loop L has an exit if there is f = s(Lj) for some i which 
emits more than one edge. UV^E^ then we write V > w if there is a path ^ E E* with 
s(/i) G V and r(/i) = w (we also sometimes say that w is downstream from V). A sink is 
a vertex v & E^ with s^^{v) = 0, a source is a vertex w & E^ with r~^{w) = 0. 

A Cuntz-Krieger E-family in a C*-algebra B consists of mutually orthogonal projections 
: V G E^} and partial isometrics {Sg : e G E^} satisfying the Cuntz-Krieger relations 

S^Se = Pr{e) for 6 E E^ and py = S^S^ whenever v is not a sink. 

{e:s{e)=v} 

It is proved in |2Dl Theorem 1.2] that there is a universal C*-algebra C*{E) generated by 
a non-zero Cuntz-Krieger i?-family {Se,Pv}- A product := S^^^S^^^ . . . 5*^^ is non-zero 
precisely when /i = /ii/i2 ■■ - /in is a path in E"-. Since the Cuntz-Krieger relations imply 
that the projections SgS* are also mutually orthogonal, we have S*Sf = unless e = /, 
and words in {Sg, Sj} collapse to products of the form S^S* for /i, G E* satisfying 
r(/i) = r(z/) (cf. pOI Lemma 1.1]). Indeed, because the family {S/^iS*} is closed under 
multiplication and involution, we have 

(1) C*{E) = span{^^^* : i^,iy e E* and r(/i) = r(z/)}. 

The algebraic relations and the density of spa.n{S^S*} in C*{E) play a critical role 
throughout the paper. We adopt the conventions that vertices are paths of length 0, 
that Sy := Pv for w G and that all paths /i, z/ appearing in are non-empty; we 
recover S*^, for example, by taking u = r{fi), so that S^S* = Sfj,pr{fj.) = 5'^. 

If 2; G S*^, then the family {zSe,Pv} is another Cuntz-Krieger E'-family which generates 
C*{E), and the universal property gives a homomorphism 7^ : C*{E) C*{E) such 
that 7z(5'e) = zSe and '~^z{pv) = Pv The homomorphism 7- is an inverse for 7^, so ■jz G 
Aut C*{E), and a routine e/3 argument using (jT)) shows that 7 is a strongly continuous 
action of on C*{E). It is called the gauge action. Because is compact, averaging 
over 7 with respect to normalised Haar measure gives an expectation $ of C*{E) onto 
the fixed-point algebra C*{E)^: 

$(a) := — / -iz{a)de for a G C*(E), z = e'^ . 
271' Js^ 
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The map $ is positive, has norm 1, and is faithful in the sense that $(a*a) = imphes 
a = 0. 

From Equation it is easy to see that a graph C*-algebra is unital if and only if the 
underlying graph is finite. When we consider infinite graphs, formulas which involve sums 
of projections may contain infinite sums. To interpret these, we use strict convergence in 
the multiplier algebra of C*{E): 

Lemma 2.1. Let E be a row-finite graph, let A be a C* -algebra generated by a Cuntz- 
Krieger E-family {Te,qy}, and let be a sequence of projections in A. If p^T^T* 

converges for every yU, z/ G E* , then {pn} converges strictly to a projection p G M{A). 

Proof. Since we can approximate any a G A = TT'X',q{C*{E)) by a linear combination of 
T^T*, an e/3-argument shows that {pn^} is Cauchy for every a G A. We define p : A A 
by p{a) := hm„_,ooPna- Since 

b*p{a) = lim 6*p„a = lim {pnb)*a = p{b)*a, 

n—>oo n— >oo 

the map p is an adjointable operator on the Hilbert C*-module A^i, and hence defines 
(left multiplication by) a multiplier p oi A j221 Theorem 2.47]. Taking adjoints shows that 
apn ap for all a, so pn ^ p strictly. It is easy to check that p^ = p = p* . □ 

2.2. Semifinite Spectral Triples. We begin with some semifinite versions of standard 
definitions and results. Let r be a fixed faithful, normal, semifinite trace on the von 
Neumann algebra A/". Let /C^r be the r-compact operators in J\f (that is the norm closed 
ideal generated by the projections E E N with t{E) < oo). 

Definition 2.2. A semifinite spectral triple {A,T-C,V) is given by a Hilbert space Ti, a *- 
algebra A d M where M is a semifinite von Neumann algebra acting on Ti, and a densely 
defined unbounded self-adjoint operator T> affiliated to M such that 

1 ) [D, a] is densely defined and extends to a bounded operator for all a E A 

2) a{X - Vy^ G /Cat for all X and all a e A. 

3) The triple is said to be even if there isT E M such that F* = F, F^ = 1, aV = Fa 
for all a E A and W + VD = 0. Otherwise it is odd. 

Definition 2.3. A semifinite spectral triple {A,Ti.,V) is QC^ for k > 1 (Q for quantum) 
if for all a E A the operators a and [I^, a] are in the domain of 5^ , where S{T) = [\V\,T] 
is the partial derivation on M defined by \T>\ . We say that {A., Ti, T>) is QC°° if it is QC^ 
for all k > 1. 

Note. The notation is meant to be analogous to the classical case, but we introduce the 
Q so that there is no confusion between quantum differentiability of a G .4. and classical 
differentiability of functions. 

Remarks concerning derivations and commutators. By partial derivation we mean 
that 6 is defined on some subalgebra of Af which need not be (weakly) dense in Af. More 
precisely, dom 6 = {T E Af : S(T) is bounded}. We also note that if T G Af, one can show 
that [\V\,T] is bounded if and only if [(1 + V^y/^, T] is bounded, by using the functional 
calculus to show that |D| — (1 + D^)^/^ extends to a bounded operator in Af. In fact, 
writing l^li = (1 + P^ji/a ^nd 5i{T) = [\V\i,T] we have 

dom (5" = dom 5" for all n. 
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We also observe that if T G A/" and [D, T] is bounded, then [D, T] G A/". Similar comments 
apply to [I^IjT], [(1 + 'D^Y^'^,T]. The proofs can be found in [6j. 

The QC°° condition places some restrictions on the algebras we consider. Recall that 
a topological algebra is Frechet if it is locally convex, metrizable and complete, and that 
a subalgebra of a C*-algebra is a pre-C*-algebra if it is stable under the holomorphic 
functional calculus. For nonunital algebras, we consider only functions / with /(O) = 0. 

Definition 2.4. A *-algebra A is smooth if it is Frechet and *-isomorphic to a proper 
dense subalgebra i{A) of a C*-algebra A which is a pre-C* -algebra. 

Asking for i{A) to be a proper dense subalgebra of A immediately implies that the 
Frechet topology of A is finer than the C*-topology of A. We will denote the norm 
closure A = A, when the norm closure A is unambiguous. 

If A is smooth in A then M„(^) is smooth in M„(/l), [HI EBl, so K^{A) = K^{A), 
the isomorphism being induced by the inclusion map i. A smooth algebra has a sensible 
spectral theory which agrees with that defined using the C*-closure, and the group of 
invertibles is open. The point of contact between smooth algebras and QC^ spectral 
triples is the following Lemma, proved in PU] . 

Lemma 2.5. If {A, Ti, T>) is a QC°° spectral triple, then {As, Ti., T>) is also a QC°° spectral 
triple, where As is the completion of A in the locally convex topology determined by the 
seminorms 



where d{a) = [I^,a]. Moreover, As is a smooth algebra. 

We call the topology on A determined by the seminorms of Lemma 12.51 the 5- 
topology. 

Whilst smoothness does not depend on whether A is unital or not, many analytical 
problems arise because of the lack of a unit. As in IHUl 1^ . we make two definitions 
to address these issues. 

Definition 2.6. An algebra A has local units if for every finite subset of elements C 
A, there exists (p & A such that for each i 



Definition 2.7. Let A be a Frechet algebra and Ac A be a dense subalgebra with local 
units. Then we call A a quasi-local algebra (when Ac is understood.) If Ac is a dense 
ideal with local units, we call Ac <Z A local. 

Quasi-local algebras have an approximate unit {</)n}ra>i C Ac such that for all n, 
(f)n+i(pn = (pn, jHOI; wc Call this a local approximate unit. 

Example For a graph C*-algebra A = C*{E), Equation (P) shows that 

Ac = spanlS^S* : jji,u & E* and r(/x) = r(z/)} 

is a dense subalgebra. It has local units because 



qnM) =11 W(a) 



n > 0, i = 0, 1, 



(pai = ai(j) = ai. 




otherwise 
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Similar comments apply to right multiplication by Ps{iy)- By summing the source and 
range projections (without repetitions) of all Sfj,^S*. appearing in a finite sum 

i 

we obtain a local unit for a G Ac. By repeating this process for any finite collection of 
such a E Ac we see that Ac has local units. 

We also require that when we have a spectral triple the operator V is compatible with 
the quasi-local structure of the algebra, in the following sense. 

Definition 2.8. If {A,T-l,T>) is a spectral triple, then we define Q^{A) to be the algebra 
generated by A and [D, A] . 

Definition 2.9. A local spectral triple {A,T-C,V) is a spectral triple with A quasi-local 
such that there exists an approximate unit {0„} C Ac for A satisfying 

^U^c) = [jn*^{A)n, where 

n 

il^{A)n = {UJ e ^^{A) : 0„t^ = UJ(f)n = Uj}. 



Remark A local spectral triple has a local approximate unit {4>n}n>i C Ac such that 
= = 0„ and (f)n+i['D,(j)n] = [2^,0n]0n+i = [^^,0n], See [^11 EH • Wc require 

this property to prove the summability results we require. 

2.3. Summability and the Local Index Theorem. In the following, let Afhea. semifi- 
nite von Neumann algebra with faithful normal trace r. Recall from ^2] that if S* G Af, 
the t-th generalized singular value of S for each real t > is given by 

^t{S) = mi{\\SE\\ : E is a projection in with r(l - < t}. 

The ideal C^{Af) consists of those operators T E Af such that || T ||i:= t(|T|) < oo 
where |T| = \JT*T . In the Type I setting this is the usual trace class ideal. We will 
simply write £^ for this ideal in order to simplify the notation, and denote the norm 
on by || ■ ||i. An alternative definition in terms of singular values is that T G £^ if 

Note that in the case where M 7^ BiH), is not complete in this norm but it is 
complete in the norm ||.||i + ||.||oo- (where ||.||oo is the uniform norm) . Another important 
ideal for us is the domain of the Dixmier trace: 

£(i'-)(Ar) = [teN : ||r|| ,^ ^ := sup —-^ ! ^is{T)ds < ool . 

We will suppress the (A/") in our notation for these ideals, as A/" will always be clear 
from context^ The reader should note that is often taken to mean an ideal in 

the algebra A/" of r-measurable operators affiliated to A/", [12 . Our notation is however 
consistent with that of jH] in the special case Af = B{T-C). With this convention the ideal 
of r-compact operators, JC{Af), consists of those T G A/" (as opposed to Af) such that 

/ioo(T) := lim fit(T) = 0. 
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Definition 2.10. A semifinite local spectral triple is {1, oo) -summable if 

a{V - \)-^ e C'^^'^'^ for all a e Ac, A G C \ R. 
Equivalently, a(l + I?2)-i/2 ^ £(i,oo) ^ ^ 

Remark If A is unital, keiV is r-finite dimensional. Note tliat the summability re- 
quirements are only for a G Ac- We do not assume that elements of the algebra A are all 
integrable in the nonunital case. 

We need to briefly discuss the Dixmier trace, but fortunately we will usually be applying 
it in reasonably simple situations. For more information on semifinite Dixmier traces, see 
m. For T G C^'^'°°\ T > 0, the function 

1 f 
log(l + 1) Jo 

is bounded. For certain generalised limits u G L°°(R'^)*, we obtain a positive functional 
on by setting 

tUT) = uj{Ft). 

This is the Dixmier trace associated to the semifinite normal trace r, denoted r^^, and we 
extend it to all of by linearity, where of course it is a trace. The Dixmier trace is 

defined on the ideal C^^'°°\ and vanishes on the ideal of trace class operators. Whenever 
the function Ft has a limit at infinity, all Dixmier traces return the value of the limit. 
We denote the common value of all Dixmier traces on measurable operators by j^. So if 
T G is measurable, for any allowed functional u G L°°(R;^)* we have 

r^{T)=u;{FT)= jr. 

Example Let = j-^ act on L'^{S^). Then it is well known that the spectrum of 
V consists of eigenvalues {n G Z}, each with multiplicity one. So, using the standard 
operator trace, the function F(]^^2?2)-V2 is 

1 ^ 
N^- y (l + n2)-i/2 

which is bounded. So (1 + "D^)^^/^ G and for any Dixmier trace Trace^ 

Trace^((l + V^)-'/') = j [l + p2)-i/2 = 2. 

In pm |M] we proved numerous properties of local algebras. The introduction of quasi- 
local algebras in 13^ led us to review the validity of many of these results for quasi-local 
algebras. Most of the summability results of fST] are valid in the quasi-local setting. In 
addition, the summability results of are also valid for general semifinite spectral triples 
since they rely only on properties of the ideals C^P'°°\ p > 1, |H1I3], and the trace property. 
We quote the version of the summability results from pi] that we require below. 

Proposition 2.11 (IHII)- Let {A,T-l,T>) be a QC°° , local {1, 00) -summable semifinite 
spectral triple relative to (A/", r). Let T G A/" satisfy Tcj) = (j)T = T for some cf) E Ac- Then 

T(l + p2)-l/2 e £(l,oc)_ 
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For Re{s) > 1, T(l + p2^-s/2 ^^^^^ class. If the limit 
(2) lim (s-1/2)t(T(1 + VY') 

exists, then it is equal to 

In addition, for any Dixmier trace r^, the function 

a^r^(a(l + p2)-i/2) 

defines a trace on Ac C A. 

In jH] , the noncommutative geometry local index theorem of was extended to semifi- 
nite spectral triples. In the simplest terms, the local index theorem provides a formula 
for the pairing of a finitely summable spectral triple {A, Ti, D) with the i^T-theory of A. 
The precise statement that we require is 

Theorem 2.12 ([6 ). Let {A,7i,V) be an odd QC°° [1, oo) -summahle local semifinite 
spectral triple, relative to {Af, r). Then for u & A unitary the pairing of [u] G Ki{A) with 
{A, TC, V) is given by 

In particular, the residue on the right exists. 



For more information on this result see jH 13 E] • 

3. Graph C*-Algebras with Semifinite Graph Traces 

This section considers the existence of (unbounded) traces on graph algebras. We 
denote by A"^ the positive cone in a C*-algebra A, and we use extended arithmetic on 
[0, oo] so that X oo = 0. From j23 we take the basic definition: 

Definition 3.1. A trace on a C* -algebra A is a map r : [0, oo] satisfying 

1) T{a + b) = r(a) + r(6) for all a,b e A+ 

2) T{Xa) = Ar(a) for all a G v4+ and A > 

3) T{a*a) = T{aa*) for all a E A 

We say: that r is faithful ifT{a*a) = ^ a = 0; that r is semifinite if {a G : r(a) < 
oo} norm dense in A'^ (or that r is densely defined); that r is lower semicontinuous if 
whenever a = lim^^ooO-n in norm in A'^ we have r(a) < liminf^^oo ''"(o-n)- 



We may extend a (semifinite) trace r by linearity to a linear functional on (a dense 
subspace of) A. Observe that the domain of definition of a densely defined trace is a 
two-sided ideal Ir C A. 

Lemma 3.2. Let E be a row-finite directed graph and let r : C*{E) C be a semifinite 
trace. Then the dense subalgebra 

Ac := span{5'^S'* : jj,,^ E E*} 

is contained in the domain Ir of t. 
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Proof. Let v G E he a vertex, and let G Ac be the corresponding projection. We claim 
that Pv G It- Choose a E Ir positive, so r(a) < cxo, and with \\py — a\\ < 1. Since py is a 
projection, we also have \\py — PvdpvW < 1 and PvCiPv £ It, so we have r^pyapv) < oo. 

The subalgebra p^C*{E)py has unit p^, and as \\pv — Pv^Pvll < 1, Pv^Pv is invertible. 
Thus there is some b G pyC*{E)py such that hp^ap^ = p^. Then, again since the trace 
class elements form an ideal, we have T{py) < oo. 

Now since = Ps{ii)Sfj,S*, it is easy to see that every element of A^. has finite 

trace. □ 



It is convenient to denote hj A = C*{E) and Ac = span{S^S* : /x, z/ G E*}. 
Lemma 3.3. Let E be a row-finite directed graph. 

(i) If C*{E) has a faithful semifinite trace then no loop can have an exit. 

(ii) If C*{E) has a gauge-invariant, semifinite, lower semicontinuous trace r then ro$ = 
r and 

In particular, r is supported on C*{{S^S* : fj, & E*}) . 

Proof. Suppose E has a loop L = ei . . . e„ which has an exit. Let Vi = s(ej) for z = 1, ■ ■ ■ ,n 
so that r(e„) = Vi. Without loss of generality suppose that Vi emits an edge / which is 
not part of L. If w = r{f) then we have 

t{Pvi) > r{Se,S*^ + SfS}) = t{S*c^ScJ + T{S}Sf) = T{py^) + T{pyj). 

Similarly we may show that T{py.) > t(p^-^J for i = 1, . . . ,n — 1 and so T(pt,J > 
t{Pvi) + t{pu]) which means, by Lemma 0121 that we must have r(p^) = 0. Since pw is 
positive, this implies that r is not faithful. Now suppose the trace r is gauge- invariant. 
Then 

for all z G S^, and so t{S^S*) is zero unless \fi\ = |z/|. Hence r o $ = r on Ac- Moreover, 
if = l^l then 

so the restriction of r to Ac is supported on spanj^^S** : fi E E*}. To extend these 
conclusions to the C* completions, let {</>„} C $(^4) be an approximate unit for A con- 
sisting of an increasing sequence of projections. Then for each n, the restriction of r to 
An '■= 4'nA(j)n is a finite trace, and so norm continuous. Observe also that (j)nAc4>n is dense 
in An and (j)nAc4>n ^ Ac- We claim that 

(3) when restricted to A„, r satisfies r o $ = r. 

To see this we make two observations, namely that 

$(A„) = <l>(0„A0„) = 0„$(v4)0„ C = An 

and that on ipnAcipn ^ Ac we have r o $ = r. The norm continuity of r on An now 
completes the proof of the claim. Now let a G A"*", and let ^/'^4>na}^'^ so that 

On < Cin+i and ||a„ — a|| 0. Then 

r(a) > lim sup r(a„) > liminf r(a„) > r(a), 
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the first inequality coming from tlie positivity of r, and tlie last inequality from lower 
semicontinuity. Since r is a trace and 0.^ = 0„ we have 

(4) r(a) = lim r(a„) = lim r(0„a0„). 

Similarly, let bn = ^{ay/^<pn^{ay/^ so that 6„ < bn+i < ■ ■ < $(a) and \\bn - $(a)|| 0. 
Then 

(5) r(<l>(a)) = lim r(6„) = lim r(0„$(a)0„) = lim r($(0„a0„)). 

n— >oo n— >oo n— >oo 

However 0„a(/)„ e A„ so by Q we have (r o <l>)(0„a0„) = r(0„a0„). Then by Equations 
(jU and (0) we have r(a) = (r o $)(a) for all a G A"''. By linearity this is true for all 
a e y4, so r = r o $ on all of A. Finally, 

0„span{5'^S'* : /i G -E*}0„ C span{S'^5'* : yU G -E*}, 

so by the arguments above r is supported on C*^^^^* : \i G -E*}). □ 

Whilst the condition that no loop has an exit is necessary for the existence of a faithful 
semifinite trace, it is not sufficient. 

One of the advantages of graph C*-algebras is the ability to use both graphical and 
analytical techniques. There is an analogue of the above discussion of traces in terms of 
the graph. 

Definition 3.4 (cf. If E is a row-finite directed graph, then a graph trace on E is 

a function g : E^ ^ R+ such that for any v & E^ we have 

(6) g{v) = g{r{e)). 

s{e)=v 

If g{v) 7^ for all v & E^ we say that g is faithful. 

Remark One can show by induction that if (7 is a graph trace on a directed graph with 
no sinks, and n > 1 

(7) 9{v)= J2 9{r{f^^y 

s(fj,)=v, \fJ-\=n 

For graphs with sinks, we must also count paths of length at most n which end on sinks. 
To deal with this more general case we write 

(8) 9{v)= Yl 9i^if'))> E 9{r{fi)), 

s{fi)=v, \fi\:;<n s{fi)=v, |/i|=n 

where |yu| ^ n means that fi is of length n or is of length less than n and terminates on a 
sink. 

As with traces on C*{E), it is easy to see that a necessary condition for E to have a 
faithful graph trace is that no loop has an exit. 

Lemma 3.5. Suppose that E is a row-finite directed graph and there exist vertices f, w G 
E^ with an infinite number of paths from v to w. Then there is no faithful graph trace on 
E^. 
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Proof. First suppose that there are an infinite number of paths from f to of the same 
length, k say. Then for any iV e N and any graph trace g : ^ 

N 

9{v)= g{r{^))>^g{w) = Ng{w). 

s{fl)=V, \fl\d:k 

So to assign a finite value to g{v) we require g{w) = 0. 

Thus we may suppose that there are infinitely many paths of different length from v 
to w, and without loss of generality that all the paths have different length. Choose the 
shortest path /ii of length ki, say. Then, with E"^{v) = {ji E E* : s{fi) = v, ^ m}, 
we have 

(9) 9{v)= 9ir{f^))=9H+ 9{r{fi)). 

Observe that at least one of the paths, call it /i2, in the rightmost sum can be extended 
until it reaches w. Choose the shortest such extension from r(/i2) to w, and denote the 
length by /c2. So 

Y aijili)) = g{r{fi2)) + Y 9{r{n)) 

(10) =g{w)+ Y 9{r{f^))+ Y 9{r{t^^)- 
So by equation Q we have 

g{v) = 2g{w) + sumi + sum2. 

The two sums on the right contain at least one path which can be extended to w, and so 
chossing the shortest, 

g{v) = 3g{w) + sumi + sum2 + sums. 

It is now clear how to proceed, and we deduce as before that for all G N, g{v) > 
Ng{w). □ 

Definition 3.6. Let E be a row-finite directed graph. An end will mean a sink, a loop 
without exit or an infinite path with no exits. 

Remark We shall identify an end with the vertices which comprise it. Once on an end 
(of any sort) the graph trace remains constant. 

Corollary 3.7. Suppose that E is a row-finite directed graph and there exists a vertex 
V & E^ with an infinite number of paths from v to an end. Then there is no faithful graph 
trace on E^ . 

Proof. Because the value of the graph trace is constant on an end Q, say gQ, we have, as 
in Lemma [3. 5| 

g{v) > NgE 

for all G N. Hence there can be no faithful graph trace. □ 
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Thus if a row-finite directed graph E is to have a faithful graph trace, it is necessary 
that no vertex connects infinitely often to any other vertex or to an end, and that no loop 
has an exit. 

Proposition 3.8. Let E be a row-finite directed graph and suppose there exists iV e N 
such that for all vertices v and w and for all ends Q, 

1) the number of paths from v to w, and 

2) the number of paths from v to Q 

is less than or equal to N. If in addition the only infinite paths in E are eventually in 
ends, then E has a faithful graph trace. 



Proof. First observe that our hypotheses on E rule out loops with exit, since we can define 
infinite paths using such loops, but they are not ends. 

Label the set of ends by i = 1, 2, .... Assign a positive number Qi to each end, and define 
g{v) = gi for all v in the i-th end. If there are infinitely many ends, choose the gi so that 

For each end, choose a vertex Vi on the end. For v E E^ not on an end, define 
(11) 9{v) = Y, E 3^. 

i s{fj.)=v, r{fj,)=Vi 

Then the conditions on the graph ensure this sum is finite. Using Equation (jH)), one can 
check that g : E° ^ R+ is a faithful graph trace. □ 



There are many directed graphs with much more complicated structure than those 
described in Proposition 13 . 81 which possess faithful graph traces. The difficulty in defining 
a graph trace is going 'forward', and this is what prevents us giving a concise sufficiency 
condition. Extending a graph trace 'backward' from a given set of values can always be 
handled as in Equation (fTTj) . 

Proposition 3.9. Let E be a row-finite directed graph. Then there is a one-to-one cor- 
respondence between faithful graph traces on E and faithful, semifinite, lower semicontin- 
uous, gauge invariant traces on C*{E). 



Proof. Given a faithful graph trace g on E we define Tg on Ac by 

(12) TgiS.S:) := 6,,Mrif^))- 

One checks that Tg is a gauge invariant trace on A^., and is faithful because for a = 
Er=i Ci,„u,Sf,^S*^ G Ac we have a*a > X;r=i K,,^,]'^S^^S;^ and then 

n 

{a,a)g := Tg{a*a) > TgC^ \c^,,ufS^,^SlJ 

n n 

(13) = = ^ |c,,,.j2<7(r(z/,)) > 0. 

i=l i=l 

Then {a,b)g = Tg{b*a) defines a positive definite inner product on A^ which makes it a 
Hilbert algebra (that the left regular representation of Ac is nondegenerate follows from 
Al = Ac). 
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Let Tig be the Hilbert space completion of A^. Then defining vr : Ac ^{^g) by 
TT{a)h = ah for a,b E Ac yields a faithful ^-representation. Thus {7r(5'e), 7r(p^,) : e G 
E^, V E E^} is a Cuntz-Krieger E family in B{l-Lg). The gauge invariance of Tg shows 
that for each z & the map 7^ : Ac ^ Ac extends to a unitary Uz : 'Hg Tig. Then for 
a, 6 e v4c we compute 

(f/,7r(a)f/,-)(6) = Uza^,{h) = iMlziP)) = lz{a)h = 7r(7.(a))(6). 

Hence Uz'n{a)Uz = n^jzid)) and defining a;2(7r(a)) := Uz'n'{a)U2 gives a point norm con- 
tinuous action of on it (Ac) implementing the gauge action. Since for all v E E^, 
T^iVvjPv = Vvi T^iPv) 7^ 0. Thus we can invoke the gauge invariant uniqueness theorem, [21 
Theorem 2.1], and the map vr : Ac — > BiTig) extends by continuity to vr : C*{E) — > B{TCg) 

and 7t{C*{E)) = 7r(Ac) in B{T-Cg). In particular the representation is faithful on C*{E). 

Now, 7r(C*(E)) C 7r(Ac)" = 7r(Ac) ' ', where u.w. denotes the ultra-weak closure. The 
general theory of Hilbert algebras, see for example Thm 1, Sec 2, Chap 6, Part I], 
now shows that the trace Tg extends to an ultra weakly lower semicontinuous, faithful, 
(ultra weakly) semifinite trace fg on '7r(Ac)". Trivially, the restriction of this extension 
to Ti{C*{E)) is faithful. It is semifinite in the norm sense on C*{E) since vr(Ac) is norm 
dense in 7r(C*(i?)) and Tg is finite on 7r(Ac). To see that this last statement is true, let 
a G Ac, choose any local unit G Ac for a and then 

00 > Tg{a) = Tg{(l)a) = {a,(t))g =: fg{(t>a) = fg{a). 

It is norm lower semicontinuous on tt{C*{E)) because if 7r(a) G C*{E)^ and 7r(a„) G 
C*{E)^ with 7r(a„) 7r(a) in norm, then 7r(a„) 71(0) ultra weakly and so fg(7r(a)) < 
lim inf fg(7r(a„)). 

We have seen that the gauge action of on C*{E) is implemented in the representation 
71 by the unitary representation 3 z ^ 11^ E B{TCg). We wish to show that fg 
is invariant under this action, but since the Uz do not lie in 7r(Ac)", we can not use the 
tracial property directly. Now T G 7r(Ac)" is in the domain of definition of fg if and only if 
T = vr(^)7r(?7)* for left bounded elements ^,rj E Tig. Then fg(T) = fgi'^iO'^^iv)*) •= (^i v)g- 
Since Uz{^) and Uz{ri) are also left bounded elements of Hg we have 

fgiUzTUz) = fg{UziT{07r{r]yUz)=fg{Uzir{0[Uz7T{r])Y) 

= fgini^ziOMiM)]*) = mo,Uziv))g 

= {^,v)g = fg{T). 

That is, fg{az{T)) = fg{T), and fg is a^-invariant. Thus a fg{7r{a)) defines a faithful, 
semifinite, lower semicontinuous, gauge invariant trace on C*{E). 

Conversely, given a faithful, semifinite, lower semicontinuous and gauge invariant trace 
r on C*{E), we know by Lemma [3.21 that r is finite on Ac and so we define g{v) := t{p^). 
It is easy to check that this is a faithful graph trace. □ 

4. Constructing a C*- and Kasparov Module 

There are several steps in the construction of a spectral triple. We begin in Subsection 
I4.1l bv constructing a C*-module. We define an unbounded operator V on this C*-module 
as the generator of the gauge action of on the graph algebra. We show in Subsection 
14.21 that D is a regular self-adjoint operator on the C*-module. We use the phase of V to 
construct a Kasparov module. 
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4.1. Building a C*-module. The constructions of this subsection work for any locally 
finite graph. Let A — C*{E) where E is any locally finite directed graph. Let F — 
C*{Ey be the fixed point subalgebra for the gauge action. Finally, let Ac,Fc be the 
dense subalgebras of A, F given by the (finite) linear span of the generators. 

We make A a right inner product F-module. The right action of F on A is by right 
multiplication. The inner product is defined by 

{x\y)R := e F. 

Here $ is the canonical expectation. It is simple to check the requirements that {■\-)r 
defines an F- valued inner product on A. The requirement {x\x)r — Q =^ x — Q follows 
from the faithfulness of 

Definition 4.1. Define X to he the C*-F-module completion of A for the C*-module 
norm 

\\x\\\ := ||(x|a:)R|U = II (a^la;)^!!^ = \\^{x*x)\\f. 
Define Xc to be the pre-C* -Fc-module with linear space Ac and the inner product {■\-)r- 

Remark Typically, the action of F does not map Xc to itself, so we may only consider 
Xc as an Fc module. This is a reflection of the fact that Fc and Ac are quasilocal not 
local. 

The inclusion map t : A — > X is continuous since 

ll^llx — ll^(^*^)ll-F — l|ct*^^IU — II^IIa- 

We can also define the gauge action 7 on A C X, and as 

Il7.(a)ll^ = ll*((7.(a))*(7.(a)))l|F=||$(7.(a*)7.(a))l|F 
= ||$(7.(a*a))||^=||$(a*a)||^ = ||a||L 

for each z & S^, the action of 7^ is isometric on A (Z X and so extends to a unitary 11^ 
on X. This unitary is F linear, adjointable, and we obtain a strongly continuous action 
of on X, which we still denote by 7. 

For each A; e Z, the projection onto the k-th spectral subspace for the gauge action 
defines an operator on X by 

M^) = ^ f z^'l'.i^-^de, z = xeX. 
27r J SI 

Observe that on generators we have ^^{SaS^) — S^S^ when |q;| — \j3\ — k and is zero 
when |q;| — \(3\ ^ k. The range of $fc is 

(14) Range = {x e X : 7^(0;) = z'^x for all z e S^}. 

These ranges give us a natural Z-grading of X. 

Remark If £" is a finite graph with no loops, then for k sufficiently large there are no 
paths of length k and so $jk = 0. This will obviously simplify many of the convergence 
issues below. 

Lemma 4.2. The operators $fc are adjointable endomorphisms of the F -module X such 
that $^ = $fe = and = 5k,i^k- If K C Z then the sum Y^^aK^k converges 

strictly to a projection in the endomorphism algebra. The sum '^^gz converges to the 
identity operator on X . 
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Proof. It is clear from the definition that each $fc defines an F-hnear map on X. First, 
we show that is bounded: 

< / hz{x)\\xd9<^ [ \\x\\xd9 = \\x\\x. 

ZtT J si ZTC Jgi 

So ||$fc|| < 1. Since ^kS^ = whenever /i is a path of length k, ||$fe|| = 1. 

On the subspace Xc of finite linear combinations of generators, one can use Equation 
(HH) to see that = 6k,i^k since 

For general x G X, we approximate x by a sequence {xm} C Xc, and the continuity 
of the $fc then shows that the relation ^k^i = 6k,i^k holds on all of X. Again using 
the continuity of the following computation allows us to show that for all fc, <l>fc is 
adjointable with adjoint 

{(^kSaS*p\SpSl)R = $ (^S\a\-\/3\,kSl3S^SpS*) 

= Sla\-\f3\,kS\l3\-\a\ + \p\-\a\,oSf3S*SpS* 

~ ^ {^\p\-W\,kS isS^S pS*) = {SaS'^l^kSpS*)^. 



To address the last two statements of the Lemma, we observe that the set {^k}kez is 
norm bounded in Endp{X), so the strict topology on this set coincides with the *-strong 
topology, |2Z1 Lemma C.6]. First, if ii' C Z is a finite set, the sum 

k&K 

is finite, and defines a projection in Endp{X) by the results above. So assume K is 
infinite and let {Ki\ be an increasing sequence of finite subsets of K with K = Uji^j. For 
X e X, let 

TiX = ^ ^kX. 

k&Ki 

Choose a sequence {xm} C Xc with Xm — ^ x. Let e > and choose m so that ||xm — < 
e/2. Since Xm has finite support, for j sufficiently large we have TiXm — TjXm = 0, and 
so for sufficiently large i,j 

< \\Ti{x - Xm)\\x + \\Tj{x - Xm)\\x + \\TiXm " TjXm\\x 

< e. 

This proves the strict convergence, since the are all self-adjoint. To prove the final 
statement, let x, {xm} be as above, e > 0, and choose m so that ||a; — Xm\\x < e/2. Then 

||x-^$fcX||x = ||x-^$fcX™ + ^$feX,„-^<l>fcX|U 

fcez 

< \\X - XmWx + W'^^kix - Xra)\\x < □ 



Corollary 4.3. Let x G X. Then with Xk = $fcX the sum ^^.^j^Xk converges in X to x. 
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4.2. The Kasparov Module. In this subsection we assume that E is locahy 
finite and furthermore has no sources. That is, every vertex receives at least 
one edge. 

Since we have the gauge action defined on X, we may use the generator of this action 
to define an unbounded operator V. We will not define or study V from the generator 
point of view, rather taking a more bare-hands approach. It is easy to check that V as 
defined below is the generator of the 5*^ action. 

The theory of unbounded operators on C*-modules that we require is all contained in 
Lance's book, [221 Chapters 9,10]. We quote the following definitions (adapted to our 
situation). 

Definition 4.4. Let Y be a right C*-B-module. A densely defined unbounded operator 
T) : dom V G Y ^ Y is a B-linear operator defined on a dense B-submodule dom T> dY . 
The operator V is closed if the graph 



is a closed submodule ofY®Y. 

If V : dom V C Y ^ Y is densely defined and unbounded, define a submodule 

dom V* := {y E Y : 3z E Y such that Wx G dom V, {Vx\y)ji = {x\z)r}. 

Then for y G dom T>* define T>*y = z. Given y G dom P*, the element z is unique, so 
D* : domP* Y , T>*y = 2; is well-defined, and moreover is closed. 

Definition 4.5. Let Y be a right C*-B-module. A densely defined unbounded operator 
V : dom V G Y ^ Y is symmetric if for all x,y G dom V 



A symmetric operator V is self-adjoint if dom T> = dom V* (and so V is necessarily 
closed). A densely defined unbounded operator V is regular if V is closed, V* is densely 
defined, and (1 + V*V) has dense range. 

The extra requirement of regularity is necessary in the C*-module context for the 
continuous functional calculus, and is not automatic, fl^ Chapter 9]. 

With these definitions in hand, we return to our C*-module X. 

Proposition 4.6. Let X be the right C*-F-module of Definition \4.l\ Define X-p G X to 
be the linear space 



G(V) = {{x\Vx)r : X G dom V} 



{Vx\y)R = ix\Vy)R. 




For X = J2kez G Xx> define 



Then V : X- 



V 




Remark Any SaS^ G Ac is in and 



\P\)s.s; 
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Proof. First we show that X-p is a submodule. If x G X-p and / G -F, in the C*-algebra 
F we have 

Yk'^ixkf\xkf)R = Yk^f*ixk\xk)Rf = f*Yk'^ixk\xk)Rf 
fcGZ fcez fcez 

< /7ll5ZA;2(xfc|xfc)^||. 
fcez 

So 

II J]fc2(Xfc/|Xfc/)Hl| < 11/711 II I]fc2(xfc|Xfc)^|| < oo. 

fcez fcez 
Observe that if x G X is a finite sum of graded components, 

M 

X ^ ^ Xky 

k=-N 

then X G Xxj. In particular if P = J2finite^k is a finite sum of the projections 
Px G for any x G X. 

The following calculation shows that V is symmetric on its domain, so that the adjoint 
is densely defined. Let x, ?/ G domP and use Corollary 14.31 to write x = J^k and 
y = T^kVk- Then 



{Vx\y)R = (^A;xfe|^y„,)ij = $((^A;xfc)*(^?/^)) = <I>(^A;x^l/, 

km km k,m 



k,m 



{x\Vy)R. 



Thus domP C domP*, and so V* is densely defined, and of course closed. Now choose 
any x G X and any y G domD*. Let Pn,m = J2h=-N ^k, and recall that Pn,mX G domP 
for all X G X. Then 

{x\PN,AiV*y)R = {PN,Mx\V*y)R = {VPN,Mx\y)R 

M M 

= ( ^ kxk\y)R = (x| ^ kyk)R. 

k=-N k=-N 



M 



Since this is true for all x G X we have 

PN,M'^*y = X] kyk. 

k=-N 

Letting N,M — * oo, the limit on the left hand side exists by CoroUarv 14. 3t and so the 
limit on the right exists, and so ?/ G domP. Hence T> is self-adjoint. 

Finally, we need to show that V is regular. By Lemma 9.8], P is regular if and only 
if the operators V ± ildx are surjective. This is straightforward though, for if x = Xk 
we have 

(k±i) 

X = ? , /, , .^ Xk = {u± iiax) > , , .. Xk. 



/c ^ Z k^Ti 

The convergence of Ylk ^k ensures the convergence of ^^(/c ± i)~^Xk. □ 
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There is a continuous functional calculus for self-adjoint regular operators, l22l Theorem 
10.9], and we use this to obtain spectral projections for T) at the C*-module level. Let 
fk G C'c(R) be 1 in a small neighbourhood of G Z and zero on (— oo. A;— l/2]U[/c+l/2, oo). 
Then it is clear that 

= fk{V). 

That is the spectral projections of V are the same as the projections onto the spectral 
subspaces of the gauge action. 

The next Lemma is the first place where we need our graph to be locally finite and 
have no sources. 

Lemma 4.7. Assume that the directed graph E is locally finite and has no sources. For 
all a E A and A; G Z, a$fc G End^p{X), the compact endomorphisms of the right F-module 
X. If a E Ac then a$fc is finite rank. 



Remark The proof actually shows that for > 

/a q 



\p\=k 

where the sum converges in the strict topology. 

Proof. We will prove the Lemma by first showing that for each v & and A; > 

s(p)=v, \p\=k 

This is a finite sum, by the row-finiteness of E. For k < the situation is more compli- 
cated, but a similar formula holds in that case also. 



First suppose that A; > and a = p„ G Ac is the projection corresponding to a vertex 
V G E'^. For a with |a| > k denote by a = ai ■ ■ ■ and a = ak+i ■ ■ ■ a\a\. With this 

Jp,Jp ' 



notation we compute the action of py times the rank one endomorphism 5 , |p| = k, 



on S^S;. We find 

Pv^Sp,Sp^oi^f3 ~ PvSp{Sp\SaSp)l{ = 6y^s{p)PvSp^{SpSaSf^) 

= Sv,s{p)PvSpS\a\-\i3\,kSp^aSaSp = S\a\-\i3\,kSp,aSv,s{p)SaSp. 

Of course if \a\ < \p\ we have 

P'"'^Sp,Sp^aS'^ = PvSp^{S*SaS'^) = 0. 

This too is S\a\-\/3\,kPvSaS^. Thus for any a we have 

^ ^ PvQsp,Sp^a^f3 ~ ^ ] ^v,s(p)^\a\~\l3\,k^p,aPvSaSf^ = Sy^s{a)^\a\~\l3\,kSaS f^. 
\p\=k \p\=k,s{p)=v 

This is of course the action of Pv^k on SaS'^, and if f is a sink, p^^k = 0, as it must. 
Since E is locally finite, the number of paths of length k starting at v is finite, and we 
have a finite sum. For general a G A^, we may write 

n 
i=l 

for some paths /Xj, Vi. Then S^.S*. = Sp^S*^Ps(u^), and we may apply the above reasoning 
to each term in the sum defining a to get a finite sum again. Thus a$fc is finite rank. 
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Now we consider k < 0. Given v G E^, let \v\k denote the number of paths p of length 
\k\ ending at v, i.e. r(p) = v. Since we assume that E is locally finite and has no sources, 
oo > |f |fc > for each v E E^. We consider the action of the finite rank operator 



\V\k ^ " 
\p\ = \k\.r(yp)=v 



For So^Sl G X we find 



k\,r(p)=v 

S\a\-\/3\,-\k\PvS*SpSaSp 



\V\k ^-^ '' '' \V\k 

\p\ = \k\,r{p)=v \p\ = \k\,r{p)=v 



\V\k 

\p\ = \k\,r{p)=v 

= 5\a\-\l3\~\k\5v,s{a)PvSaS*p = Pv^kSaS'^. 

Thus p„<l>_|fc| is a finite rank endomorphism, and by the argument above, we have a$_|fc| 
finite rank for all a G A^. To see that a$fc is compact for all a G A, recall that every 
a G v4 is a norm limit of a sequence {ai}j>o C Ac- Thus for any G Z a^k = linij^oo o-i^k 
and so is compact. □ 

Lemma 4.8. Let E be a locally finite directed graph with no sources. For all a E A, 
a(l + D^)^-*^/^ is a compact endomorphism of the F-module X. 



Proof. First let a = p^ for v G E^. Then the sum 

AT 
k=-N 

is finite rank, by Lemma 14.71 We will show that the sequence {-R^,Ar}Ar>o is convergent 
with respect to the operator norm || ■ ll^;^^ of endomorphisms of X. Indeed, assuming that 
M > N, 

-N M 

\\Rv,N - Rv,M\\End = \\Pv Yl ( ^ + "^^^ + P^- J] ( ^ + "^^1 End 

k=-M k=N 

(15) <2(1+Ar2)-V2 ^0, 

since the ranges of the Pv^k are orthogonal for different k. Thus, using the argument 
from Lemma [4. 71 a(l + G End'^(X). Letting {aj} be a Cauchy sequence from A^ 

we have 

||aj(l + _ aj{l + V^y'^^^WEnd < \\ai - aj\\End = \\ai - 0, 

since ||(1 + T'^)^-'^/^|| < 1. Thus the sequence aj(l + T)'^)^^^'^ is Cauchy in norm and we 
see that a(l + is compact for all a G A. □ 

Proposition 4.9. Assume that the directed graph E is locally finite and has no sources. 
Let V = + I?2)-i/2. Then {X,V) defines a class m KK\A,F). 



Proof. We will use the approach of [121 Section 4]. We need to show that various operators 
belong to End%{X). First, ^ — "K* = 0, so a{V — V*) is compact for all a E A. Also 
a(l — V"^) = a{l + which is compact from Lemma 14.81 and the boundedness of 
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(1 + T)'^) Finally, we need to show that [V,a\ is compact for all a G A. First we 
suppose that a G Ac- Then 

[V,a] = [P,a](l + p2)"i/'-r'(l + I?2)-i/'[(l + p2)i/2^^](l + p2)-i/2 

= bi{i + v^)-'/^ + vb2ii + v^)-'/\ 

where h = [V, a] G A^ and 62 = [{l + V^y/'^, a]. Provided that 62(1 + ^^^)"^''^ is a compact 
endomorphism, Lemma 14.81 will show that [V, a] is compact for all a G A^. So consider 
the action of [(1 + ©2)1/2^ S^S;]{1 + r'2)-i/2 on x = J2kez^k- We find 

fcez 
fcez 

(16) = j2f^^Ak)s,s:^kx. 

fcez 

The function 

/,,(fc) = ((1 + (I/.I - iH + kff' - (1 + ^2)^/2) (1 + ey'^' 

goes to as A; —i> ±00, and as the Sf^S*^k are finite rank with orthogonal ranges, the sum in 
fll6j) converges in the endomorphism norm, and so converges to a compact endomorphism. 
For a G v4c we write a as a finite linear combination of generators Sf^S*, and apply the 
above reasoning to each term in the sum to find that [(l+D^)^/^, a] (l+D^)"^/^ is a compact 
endomorphism. Now let a G A be the norm limit of a Cauchy sequence {cii}i>o C Ac- 
Then 

II [V, tti — Qj] \\End < 2||aj — aj\\End ^ 0, 

SO the sequence [V, tti] is also Cauchy in norm, and so the limit is compact. □ 

5. The Gauge Spectral Triple of a Graph Algebra 

In this section we will construct a semifinite spectral triple for those graph C*-algebras 
which possess a faithful gauge invariant trace, r. Recall from Proposition 13.91 that such 
traces arise from faithful graph traces. 

We will begin with the right module Xc- In order to deal with the spectral projections 
of V we will also assume throughout this section that E is locally finite and has no sources. 
This ensures, by Lemma f4. 71 that for all a G A the endomorphisms a$fe of X are compact 
endomorphisms. 

As in the proof of Proposition 13.91 we define a C-valued inner product on X^. 

{x, y) := T{{x\y)R) = T{^{x*y)) = T{x*y). 

This inner product is linear in the second variable. We define the Hilbert space Ti. = 
L'^{X, t) to be the completion of Xc for (■,■). We need a few lemmas in order to obtain 
the ingredients of our spectral triple. 

Lemma 5.1. The C* -algebra A = C*{E) acts on Ti by an extension of left multiplication. 
This defines a faithful nondegenerate * -representation of A. Moreover, any endomorphism 
of X leaving Xc invariant extends uniquely to a bounded linear operator on Ti. 
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Proof. The first statement follows from the proof of Proposition 13.91 Now let T be an 
endomorphism of X leaving Xc invariant. Then fI7\ Cor 2.22], 

{Tx\Ty)R < \\T\\l„^{x\y)R 

in the algebra F. Now the norm of T as an operator on Ti, denoted ||r||oo, can be 
computed in terms of the endomorphism norm of T by 

||T||^ := sup {Tx,Tx) = sup r((Tx|Tx)/j) 

II^'I|-H<1 lkl|-H<l 

(17) < sup II T |||„^ t{{x\x)r) =11 T |||„rf . □ 

l^llw<i 

Corollary 5.2. The endomorphisms {^k}k(^z define mutually orthogonal projections on 
Ti. For any K G 7a the sum YlkeK^i' converges strongly to a projection in i3(7i). In 
particular, Ylkez = Id-j^, and for all x ETi the sum converges in norm to x. 

Proof. As in Lemma l4.2[ we can use the continuity of the $fc on ?i, which follows from 
Corollary Em to see that the relation ^k^i = Sk,i^k extends from Xc C H to H. The 
strong convergence of sums of $fc's is just as in Lemma f4.2l after replacing the C*-module 
norm with the Hilbert space norm. □ 

Lemma 5.3. The operator!) restricted to X^ extends to a closed self-adjoint operator on 

n. 



Proof. The proof is essentially the same as Proposition 14.61 



□ 



Lemma 5.4. Let Ti^T) he as above and let \'D\ = \JT>*T> = y/V^ be the absolute value of 
T>. Then for S^S^ G A^, the operator [\T>\, SaS^] is well-defined on X^ and extends to a 
bounded operator on TC with 



Similarly, \\[D, SaSg 



\a\ 



< 



\a\ 



Proof. It is clear that SaS'^Xc C X^, so we may define the action of the commutator on 
elements of Xc. Now let x = J2k ^'H and consider the action of [l^l, SaS*p\ on Xk- We 
have 



[\V\,Sc.Sl]xk= ( 
and so, by the triangle inequality, 

II [l-^l' 'S'^S'^Ja^fclloo ^ 



SctSpXk, 



\a\ 



\Xk\ 



\a\~\(3\ 



. The 

□ 



since llSaS^Hoo = 1- As the Xk are mutually orthogonal, ||[|2^|, ^aS^JHoo < 
statements about [D,SaSJ^] = {\a\ — \l3\)SaSJ^ are easier. 

Corollary 5.5. The algebra Ac is contained in the smooth domain of the derivation 6 
where for Te B{n), 5{T) = [\V\,T]. That is 

Ac C Pi dom 5". 



n>0 



Definition 5.6. Define the *-algebra A d A to be the completion of Ac in the 6-topology. 
By Lemma \2. A is Frechet and stable under the holomorphic functional calculus. 
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Lemma 5.7. If a G A then ['D,a] G A and the operators 6''{a), 6^{[D,a]) are bounded for 
all k > 0. If (f) E F (Z A and a E A satisfy (j)a = a = acj), then (f)[D, a] = [D, a] = [V, a]0. 
The norm closed algebra generated by A and [D,A] is A. In particular, A is quasi-local. 

We leave the straightforward proofs of these statements to the reader. 

5.1. Traces and Compactness Criteria. We still assume that E is a locally finite graph 
with no sources and that r is a faithful semifinite lower semicontinuous gauge invariant 
trace on C*{E). We will define a von Neumann algebra M with a faithful semifinite normal 
trace f so that A d N C. BiH), where A and H are as defined in the last subsection. 
Moreover the operator T> will be affiliated to A/". The aim of this subsection will then be 
to prove the following result. 

Theorem 5.8. Let E be a locally finite graph with no sources, and let t be a faithful, 
semifinite, gauge invariant, lower semiconitnuous trace on C*{E). Then {A,Ti.,T>) is a 
QC°° , {1, oo) -summable, odd, local, semifinite spectral triple (relative to {J\f,f)). For all 
a G A, the operator a(l + D^)"^/^ is not trace class. If v E E^ has no sinks downstream 

where is any Dixmier trace associated to f. 

We require the definitions of A/" and f, along with some preliminary results. 

Definition 5.9. Let End^p{Xc) denote the algebra of finite rank operators on acting 
on Ti. Define M = {End^p{Xc))" , and let A/+ denote the positive cone in M . 

Definition 5.10. Let T E M and fi G E* . Let \v\k = the number of paths of length k 
with range v, and define for ^ 

uj,{T) = {s„Ts,) + y^^{s;,Ts;). 

For = 0, 5"^ = pv, for some v G E^, set oj^{T) = {S^, TS^). Define 
f :Ar+^ [0,oo], by r(T) =lim ^/^(^) 

where L is in the net of finite subsets of E*. 

Remark For T, S E J\f+ and A > we have 

f (T + S) = f{T) + f{S) and f (AT) = Af (T) where x oo = 0. 

Proposition 5.11. The function f : A/+ [0, oo] defines a faithful normal semifinite 
trace on M . Moreover, 

End°^{X,) cAff:= span{T E Af+ : f{T) < oo}, 

the domain of definition of f, and 

H^x,y) = {y, = T{y*x), x,yE X^. 

Proof. First, since f is defined as the limit of an increasing net of sums of positive vector 
functionals, f is a positive ultra- weakly lower semicontinuous weight on Af^, ^18j, that is 
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a normal weight. Now observe (using the fact that Pv^k is a projection for all G Z and 
V G E^) that for any vertex v G E^, G Z and T G A/^- 

s(^t)=f 

r{ij.)=v ' ' 

U k = this is equal to Tp^) < oo. If A; > we find 

s(/x)=t),|/^|=fc s(/^)=i),|/i|=A; 

= ll^ll ^(Pr(M)) < ||7'||r(p„) < oo, 

s{fj,)=v,\fj,\=k 

the last inequality following from the fact that r arises from a graph trace, by Proposition 
13.91 and Equations ((Tj) and (jH)). Similarly, if A; < 

f{pATp.<i>k)= T^{s;,Ts;)<\\T\\ Yl rr<s;s,) 

\^\\k\ \^\\k\ 
r(fi)=v,\fi\ = \k\ ' ' r(^)=v,\^\ = \k\ ' ' 



r{fi)=v,\fi\=k 



\^\\k\ 



Hence r is a finite positive function on each p^^^i^Mp^^k- Taking limits over finite sums 
of vertex projections, p = Pvi + ■ ■ ■ + Pv„, converging to the identity, and finite sums 
P = <l>fc, H h $fe^, we have for T e Af+ 

lim snpf( pPTpP) < f(T) < lim inf f(pPTpP), 

pp/i pP /I 

the first inequality following from the definition of f, and the latter from the ultra-weak 
lower semicontinuity of f, so for T G 

(18) lim fipPTpP) = f(T). 

pp/i 

For X E Xc C H, 6^,j, > and so we compute 

^i^x,x) = supE(5^,x(x|S'^)r) + — -^(5;,x(x|S';)/j) 



sup Y rms;x^x*s,))) + ^-^rms,x^x*s;))). 



F — ■ |r(/x)|H 

Now since x G Xc, there are only finitely many uj^ which are nonzero on Of^^,, so this is 
always a finite sum, and t{Q^^) < oo. 

To compute 0;^^^, suppose that x = SaSg and y = Sa-S*. Then {y\S^)R = ^{SpS*S^) 
and this is zero unless |cr| = + In this case, \a\ > \fi\ and we write a = qW where 
|a| = \fi\. Similarly, {y\S^)R = ^{SpS*S*) is zero unless |p| = \a\ + \fi\. We also require 
the computation 

SaSpSpS^j-Sp^Sp^ = SaSpSpS^Sg_^p, > \n\ 



24 DAVID PASK AND ADAM RENNIE 

Now we can compute for \p\ ^ \o\ , so that only one of the sums over = ±(|cr| — |p|) 
in the next calculation is nonempty: 

J2 r{xy*6^,^)+ J2 . ^^""y*^ 



|/x| = |(t|-|p| \^\ = \p\-\a-\,r{fj.)=s{a) 

= T{xy*) = T{y*x) = T{{y\x)R) = {y,x). 
When \a\ = \p\, we have 



and the same conclusion is obtained as above. By linearity, whenever x,y E X^, T{Q^y) = 
T{{y\x)R). For any two 9^^^, 9^^^ G Endf{Xc) we find 



R 



r{Qw,zQx,y) = ^(©K-ixw) = T{{y\w{z\x)R)R) = T{{y\w)R{z\x), 
= r{{z\x)R{y\w)R) = f{&!^^yi^)^J = r(9f^j,9jj. 

Hence by linearity, f is a trace on EndPp{X^ C M. 

We saw previously that f is finite on pPMpP whenever p is a finite sum of vertex 
projections and P is a finite sum of the spectral projections (^k- 

Since f is ultra-weakly lower semicontinuous on pPM+pP, it is completely additive in 
the sense of Definition 7.1.1], and therefore is normal by fHl Theorem 7.1.12], which 
is to say, ultra-weakly continuous. 

The algebra EndPp{Xc) is strongly dense in A/", so pPEnd^p{Xc)pP is strongly dense 
in pPMpP. Let T G pPf/pP, and choose a bounded net Tj, converging *-strongly to T, 
with Ti G pPEndPp{Xc)pP . Then, since multiplication is jointly continuous on bounded 
sets in the *-strong topology, 

f (TT*) = limf(Ti7;*) = limf (7;*Ti) = f (T*T). 

i i 

Hence f is a trace on each pPMpP and so on UpppPJ\fpP, where the union is over all 
finite sums p of vertex projections and finite sums P of the 

Next we want to show that f is semifinite, so for all T G A/" we want to find a net 
R^>0 with Ri < T*T and f{Ri) < oo. Now 

lim T*pPT = T, T*pPT < T 
pp/i 

and we just need to show that f{T*pPT) < oo. It suffices to show this for pP = 

V G E^, A; G Z. In this case we have (with q a finite sum of vertex projections and Q a 
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finite sum of $fc) 

f{T*p^^kT) = lim f{qQT*p^<^kTqQ) by equation 

= lim f{qQT*qQp^^kTqQ) eventually qQpv^k = Pv^k 

qQ/l 

= lim f(qQpy^kT*qQTqQp^^k) t is a trace on qQAfqQ 

= lim f{py^kT*qQTp^^k) = T'iPv^kTpv^k) < oo 
qQ/'i 

Thus f is semifinite, normal weight on AZ+j and is a trace on a dense subalgebra. Now let 
T G A/". By the above 

(19) f{T*pPT) = f{pPT*TpP). 

By lower semicontinuity and the fact that T*pPT < T*T, the limit of the left hand side 
of Equation ()19p as pP — > 1 is f(T*T). By Equation (fTH|) . the limit of the right hand side 
is f(TT*). Hence f{T*T) = f{TT*) for all T e A/", and f is a normal, semifinite trace on 

X. □ 



Notation li g : ^ R+ is a faithful graph trace, we shall write Tg for the associated 
semifinite trace on C*{E), and fg for the associated faithful, semifinite, normal trace on 
J\f constructed above. 

Lemma 5.12. Let E be a locally finite graph with no sources and a faithful graph trace 
g. Let V E E^ and k E Z. Then 

with equality when k < or when k > and there are no sinks within k vertices of v. 



Proof. Let k >0. Then, by Lemma [4.71 we have 

Tg (Pv^k) = rglp,J2 ^i,Sp ] =^AY1 ^P.Sp,Sp 

\ \p\=k I \\p\=k 

= ^9 ^{Sf,\p.,Sp)R = E "^^^IP^^p) 

\\p\=k I \\p\=k 

\\p\=k,s{p)=v ) \|p|=*:.s(p)=f 

Now Tg{pv) = giy) where g is the graph trace associated to r^. Proposition 13 .Q^ and 
Equation (jH)) shows that 

(20) g{v)= Yl 9{r{p))> E 9{r{p))^ 

pl^fc, s(p)=v \p\=k,s[p)=v 

with equality provided there are no sinks within k vertices of v (always true for A; = 0). 
Hence for /c > we have fg{p^^k) ^ 'Tg{Pv)i with equality when there are no sinks within 
k vertices of v. For /c < we proceed as above and observe that there is at least one path 
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of length \k\ ending at v since E has no sources. Then 

\ \k \ \k 

\p\ = \k\^ r{p)=v \p\ = \k\, r{p)=v 

(21) =t\- Y rM = rgip.). □ 

p| = |A:|, r(p)=i' 

Proposition 5.13. Assume that the directed graph E is locally finite, has no sources and 
has a faithful graph trace g. For all a E the operator a(l + D^)"-*^/^ is in the ideal 

£(l'~)(AA,fg). 

Proof. It suffices to show that a(l + D^)~^/^ G C^^'°°\j\f, fg) for a vertex projection a = py 
for V G and extending to more general a E A^ using the arguments of Lemma 14.71 
Since Pv^k is a projection for all v E E^ and /c G Z, we may compute the Dixmier trace 
using the partial sums (over G Z) defining the trace of p„(l + D^)~^/^. For the partial 
sums with k >0, Lemma f5 . 1 21 gives us 

(N \ ^ 

p. 5^(1 + A:^)-^/^$, < + k'r'^iPv). 

/ k=0 

We have equality when there are no sinks within N vertices of v. For the partial sums 
with k < Lemma [5.121 gives 

-1 -1 

5^ (1 + er'%{Pr,^k) = E (1 + kY'^\ip^)^ 

k=-N k=-N 

and the sequence 

k=-N 

is bounded. Hence p„(l + D^)^^/^ G C^^'°°^ and for any cu-limit we have 

1 ^ 

r,.(p.(l + 2^^)-^/^) = a;-lim , E + 

When there are no sinks downstream from v, we have equality in Equation ()22|) for any 
V E E^ and so 

r,.(p.(l + ^^')"'/') =2r,(p,). □ 

Remark Using Proposition 12. ll( one can check that 
(23) reSs=ofg{p.{l + V^Y^'^-^) = if,^(p,„(l + V')-'/'). 

We will require this formula when we apply the local index theorem. 

Corollary 5.14. Assume E is locally finite, has no sources and has a faithful graph trace 
g. Then for all a e A, a(l + r'2)-i/2 ^ j^^^ 

Proof, (of Theorem 15.81 ) That we have a QC°° spectral triple follows from Corollary 
15. 5| Lemma 15.71 and Corollary 15.141 The properties of the von Neumann algebra Af and 
the trace f follow from Proposition 15.111 The (1, oo)-summability and the value of the 
Dixmier trace comes from Proposition 15.131 The locality of the spectral triple follows 
from Lemma (5.71 □ 
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6. The Index Pairing 

Having constructed semifinite spectral triples for graph C*-algebras arising from locally 
finite graphs with no sources and a faithful graph trace, we can apply the semifinite local 
index theorem described in [H] . See also [71 13 CH] • 

There is a C*-module index, which takes its values in the i^'-theory of the core which 
is described in the Appendix. The numerical index is obtained by applying the trace f to 
the difference of projections representing the i^-theory class. Thus for any unitary m in a 
matrix algebra over the graph algebra A 

{[u],[iA,n,V)])eniKo{F)). 

We compute this pairing for unitaries arising from loops (with no exit), which provide a 
set of generators of Ki{A). To describe the ii'-theory of the graphs we are considering, 
recall the notion of ends introduced in Definition IH.fil 

Lemma 6.1. Let C*{E) he a graph C* -algebra such that no loop in the locally finite graph 
E has an exit. Then, 

Kq{C\E)) = Z#""'^^ Ki{C*{E)) = z*^°°p\ 

Proof. This follows from the continuity of and 28, Corollary 5.3]. □ 

li A = C*{E) is nonunital, we will denote by A~^ the algebra obtained by adjoining a 
unit to A; otherwise we let A'^ denote A. 

Definition 6.2. Let E be a locally finite graph such that C*{E) has a faithful graph trace 
g. Let L be a loop in E, and denote by pi, . . . ,Pn the projections associated to the vertices 
of L and Si, . . . , Sn the partial isometrics associated to the edges of L, labelled so that 
S*Sn = Pi and 

SiSi = pi+i, i = 1, . . . ,n -1, SiS* =pi, i = l,...,n. 

Lemma 6.3. Let A = C*{E) be a graph C* -algebra with faithful graph trace g. For each 
loop L in E we obtain a unitary in , 

M = 1 + 5*1 + 5*2 H V Sn - {J)\^P2^ h Pn), 

whose K\ class does not vanish. Moreover, distinct loops give rise to distinct Ki classes, 
and we obtain a complete set of generators of Ki in this way. 

Proof. The proof that u is unitary is a simple computation. The Ki class of u is the 
generator of a copy of Ki{S^) in Ki{C*{E)), as follows from j2HI- Distinct loops give rise 
to distinct copies of Ki{S^), since no loop has an exit. □ 

Proposition 6.4. Let E be a locally finite graph with no sources and a faithful graph 
trace g and A = C*{E). The pairing between the spectral triple {A,l-i,V) of Theorem \5.^ 
with Ki{A) is given on the generators of Lemma \6.'J^ bu 

n 

{[uUiAU^V)]) = -J2r,{p,) = -nr.ip,). 
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Proof. The semifinite local index theorem, ^ provides a general formula for the Chern 
character of {A,Ti.,V). In our setting it is given by a one-cochain 

0i(ao, ai) = reSs=oV2mfg{ao[V, ai](l + I?2)-i/2-^), 

and the pairing (spectral flow) is given by 

sf{V,uVu*) = {[u],{A,n,V)) = -^(p,{u,u*). 
Now [I'jM*] = u[D,u*] = — X^iLi^**- Using Equation and Proposition 

EM 

n n 
i=l i=l 

the last equalities following since all the pi have equal trace and there are no sinks 'down- 
stream' from any pj, since no loop has an exit. □ 



Remark The C*-algebra of the graph consisting of a single edge and single vertex is 
C{S^) (we choose Lebesgue measure as our trace, normalised so that r(l) = 1). For 
this example, the spectral triple we have constructed is the Dirac triple of the circle, 
(C°°(S'^), L^(5'^), 4^), (as can be seen from Corollary 16. 61 ) The index theorem above 
gives the correct normalisation for the index pairing on the circle. That is, if we denote 
by z the unitary coming from the construction of Lemma 16. HI applied to this graph, then 

{[zi{A,n,v)) = i. 

Proposition 6.5. Let E he a locally finite graph with no sources and a faithful graph 
trace g, and A = C*{E). The pairing between the spectral triple {A,Ti.,V) of Theorem 
\5.8i with Ki{A) can be computed as follows. Let P be the positive spectral projection for 
T), and perform the C* index pairing of Proposition 1X71 - 

Ki{A) X KK\A, F) Ko{F), [u] x [{X, P)] [ker PmP] - [cokerPwP]. 

Then we have 

sf{V,uVu*) = fgikeiPuP) - fgicokerPuP) = fg*([ker PmP] - [cokerPwP]). 

Proof. It suffices to prove this on the generators of Ki arising from loops L in E. Let 
u = 1 + Y2i Si — Yli Pi tie the corresponding unitary in A'^ defined in Lemma 16.31 We 
will show that ker PuP = {0} and that cokerPwP = Yl^=iPi^i- ^'^^ ^ ^ write 
« = Y.m>i ^rn- FoY each m > 1 write = YH=iPi(^m + (1 - YH=iPi)(^m- Then 



n n 

PuPam = P(l - X^Pi + X] ^'^^"^ 
1=1 1=1 

n n n n n n 

= P(l - Y^p, + J2 S.){Y.P^''rn) + P(l - E^^^ + E - E^' 

n n 

= py^^SiUm + p(i - y^pQam 

n n 

= ^ Sjam + (1 - y^^Pi)am- 
It is clear from this computation that PuP am 7^ for 7^ 0. 
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Now suppose m > 2. If Ya=i Pi^^rn = am then = hniiv Ylk=i ^f^k^t^ ^i^^ lAtfcl - kfc| = 
m > 2 and 5*^^,^ = Si for some i. So we can construct 6m- 1 from by removing the 
initial S^s. Then = Y.'i=iSibm-i, and Y.'i^iPibm-i = &m-i- For arbitrary am, m>2, 
we can write = Y^iPiam + (1 - ZliPi)^™, and so 

ra n 

Om = y^PiQm + (1 - y^Pi)am 

n n 

Pi) am and by adding zero 

n n n n n 

= ^Sibm-1 + (1 - ^Pi)bm-1 + C^Si + (1 - - y^P»)Qm 

n 

= Wfem-l + m(1 - y^Ppflm 

n 

= PuPbm-1 + PuP(l - 

Thus PuP maps onto Xlm>2 "^m-^- 

For m = 1, if we try to construct bo from ^"^iPiO-i as above, we find PuPbo = since 
Pbo = 0. Thus cokeiPuP = By Proposition 16. 4[ the pairing is then 

n n 

sf{V,uVu*) = -J2rM = -fg(5^p.<l'i) 
(24) = - fg,([coker PnP]) = -f^ (coker PnP). 

Thus we can recover the numerical index using fg and the C*-index. □ 

The following example shows that the semifinite index provides finer invariants of di- 
rected graphs than those obtained from the ordinary index. The ordinary index computes 
the pairing between the i^-theory and ii'- homology of C*{E), while the semifinite index 
also depends on the core and the gauge action. 

Corollary 6.6 (Example). Let C*{En) be the algebra determined by the graph 

'L 




where the loop L has n edges. Then C*{En) = C{S^) ® /C for all n, but n is an invariant 
of the pair of algebras (C*(i?„),P„) where Fn is the core of C*{En)- 

Proof. Observe that the graph En has a one parameter family of faithful graph traces, 
specified g{v) = r E R+ for all v E E^ . 

First consider the case where the graph consists only of the loop L. The C*-algebra A 
of this graph is isomorphic to M„(C(S'^)), via 

Si ej,i+i, 2 = 1, . . . , n - 1, Sn^ idsiCn,!, 

where the Cij are the standard matrix units for M„(C), p]. The unitary 

5'i5'2 ■ ■ ■ Sn + S2SS ■ ■ ■ 5*1 + ■ ■ ■ + SnSi ■ ■ ■ Sn-l 

is mapped to the orthogonal sum zd^iei^i © idsie2,2 © ■ ■ ■ © idsien,n- The core P of ^4 is 
C = C\pi,...,Pn]. Since KK\A,F) is equal to 

@''KK\A,C) = ®''KK\Mn{C{S^)),C) = ®''K\C{S^)) = Z" 
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we see that n is the rank of KK^{A^ F) and so an invariant, but let us hnk this to the 
index computed in Propositions l(i.4l and 16.51 more exphcitly. Let : C{S^) — >■ A be given 
by (f){idsi) = 5*1 5*2 • ■ ■ Sn Q) J27=2^hi- observe that V = Yll=i'Pi^ because the 'off- 
diagonal' terms are PiVpj = Vpipj = 0. Since SiSl = S*Sn = Pi, we find (with P the 
positive spectral projection of V) 

0*(X,P) = {piX,piPpi) © degenerate module G KK\C{S^),F). 

Now let ip : F ^ C" be given by ^jPj) = (-^i; ^2, Zn)- Then 

V^,0*(x,P) = ®]^MXpj,PiPpi) e (B^'K^CiS')). 

Now X = Mn{C{S^)), so PiXpj = C{S^) for each j = 1, . . . ,n. It is easy to check that 
PiDpi acts by 4^ on each piXpj, and so our Kasparov module maps to 

where Pi_d_ is the positive spectral projection of The pairing with idsi is nontrivial 

on each summand, since (f){idsi) = Si - ■ ■ Sn (B Y17=2 ^ unitary mapping piXpj to 

itself for each j. So we have, [TE] . 

n 

idsi X ip^(j)*{X,P) = Index{PidsiP : piPXpj piPXpj) 

n 

(25) =-J2\Pj]eKo{C-). 

i=i 

By Proposition 16. 5[ applying the trace to this index gives —nTg{pi). Of course in Propo- 
sition IHiHl we used the unitary + S'2 + ■ ■ ■ + S'„, however in Ki{A) 

[S1S2 ■ ■ ■ 5„] = [5i + ^2 + ■ ■ ■ + 5„] = [tdsi]. 

To see this, observe that 

{Si + • ■ ■ + Sn)^ = S1S2 ■ ■ ■ Sn + S2S3 ■ ■ • 5*1 + ■ ■ ■ + SnSi ■ ■ ■ Sn~l- 

This is the orthogonal sum of n copies of idsi, which is equivalent in Ki to n[idsi-]. Finally, 
[5*1 + ■ ■ ■ + Sn] = [idsi] and so 

[{Si + ■■■ + SnT] = n[Si + ... + Sn]= n[zdsi]. 

Since we have cancellation in Ki, this implies that the class of + ■ ■ ■ + S'„ coincides 
with the class of S'iS'2 ■ ■ ■ S'„. 

Having seen what is involved, we now add the infinite path on the left. The core becomes 
^ © /C © ■ ■ ■ © /C (n copies). Since A = C{S^) IC = Mn{C{S^)) /C, the intrepid reader 
can go through the details of an argument like the one above, with entirely analogous 
results. □ 

Since the invariants obtained from the semifinite index are finer than the isomorphism 
class of C*{E), depending as they do on C*{E) and the gauge action, they can be regarded 
as invariants of the differential structure. That is, the core F can be recovered from the 
gauge action, and we regard these invariants as arising from the differential structure 
defined by V. Thus in this case, the semifinite index produces invariants of the differential 
topology of the noncommutative space C*{E). 
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Appendix A. Toeplitz Operators on C*-modules 

In this Appendix we define a bilinear product 

Ki{A) X KK\A,B) KoiB). 

Here we suppose that A, B are ungraded C*-algebras. This product should be the Kas- 
parov product, though it is difficult to compare the two (see the footnote to Proposition 
ED below). 

We denote by A"*" the minimal (one-point) unitization if A is nonunital. Otherwise A'^ 
will mean A. To deal with unitaries in matrix algebras over A, we recall that Ki{A) may 
be defined by considering unitaries in matrix algebras over A"*" which are equal to 1„ mod 
A (for some n), [ini p 107]. 

We consider odd Kasparov A-5-modules. So let E he a. fixed countably generated un- 
graded i?-C*-module, with : A — EndsiE) a *-homomorphism, and let P G EndB{E) 
be such that a{P — P*), a{P^ — P), [P, a] are all compact endomorphisms. Then by [T?H 
Lemma 2, Section 7], the pair (0, P) determines a KK^{A, B) class, and every class has 
such a representative. The equivalence relations on pairs (0, P) that give KK^ classes are 
unitary equivalence (0, P) ~ {U(j)U*, UPU*) and homology. Pi ~ P2 if Pi0i(a) — P202(o.) 
is a compact endomorphism for all a G A. 

Now let u G Mm{A'^) be a unitary, and (0, P) a representative of a KK^{A, B) class. 
Observe that (P ® Im)-^' ® C™ is a P-module, and so can be extended to a P"*" module. 
Writing P^ = P Im, the operator Pm0('u)Pm is Fredholm, since (dropping the for 
now) 

P'm'^PmPm'^ Pm P'm\^^ P'rn^^ Pm ~\~ Pmi 

and this is P^ modulo compact endomorphisms. To ensure that ker P^uPm and ker PmU*Pr 
are closed submodules, we need to know that PmuPm is regular, but by [TU Lemma 4.10], 
we can always replace PmuPm by a regular operator on a larger module. Then the index 
of PmuPm is defined as the index of this regular operator, so there is no loss of generality 
in supposing that PffiuPfn is regular. Then we can define 

Index{PmuPm) = [ker P^mP^] - [coker P^mP^] G Kq{B). 

This index lies in Kq{B) rather than Kq{B^) by |14| Proposition 4.11]. So given u and 
(0, P) we define a Ko{B) class by setting 

u X (0, P) [ker PmuPm] - [coker P^mP^]. 

Observe the following. If u = 1^ then 1^ x (0, P) Index{Pm) = so for any (0, P) the 
map defined on unitaries sends the identity to zero. Given the unitary -u © t> G M2m{A~^) 
(say) then 

u®vx {(j)^P) ^ Index{P2m{u © v)P2m) = Index{PmuPm) + Index{PmvPm), 

so for each (0, P) the map respects direct sums. Finally, if u is homotopic through 
unitaries to v, then PmuPm is norm homotopic to PmvPm, so 

Index{PmuPm) = Index{PmvPm)- 

By the universal property of Ki, Proposition 8.1.5], for each (0, P) as above there 
exists a unique homomorphism Hp : Ki{A) —>■ Kq{B) such that 

Hp{[u]) = Index{PmuPm)- 
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Now observe that Hupu*,u^{-)u* = Hp,/, since 

Index{UPU*{U(j){u)U*)UPU*) = Index{U PuPU*) = Index{PuP). 
The homomorphisms Hp are bihnear, since 

Hp(bq{[u]) = Index{{P ® Q){<p{u) ® ij{u)){P ® Q)) 

= Index{P<p{u)P) + Index{Qi){u)Q) = Hp{[u]) + Hq{[u]). 

Finally, if (</)i,Pi) and (02,-^2) are homological, the classes defined by (0i © (p2,Pi © 0) 
and (01 © 02, © P2) are operator homotopic, [T^, p 562], so 

Index (Pi 01 (m) Pi) = Index{{Pi © O)(0i(m) © 02(n))(Pi © 0)) 
= IndexiiO © P2)(0i(m) © 02(m))(O © P2)) 
= Index{P2(j)2{u)P2). 
So Hp depends only on the i^i^'-equivalence class of (0, P). Thus 
Proposition A.l. With the notation above, the map^ 

H : Ki{A) X KK\A, B) KoiB) 
H{[u], [(0,P)]) := [ker(PMP)] - [cokerPwP] 

is bilinear. 

This is a kind of spectral fiow, where we are counting the net number of eigen-P-modules 
which cross zero along any path from P to uPu* . 
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